POSITIVE MASS THEOREMS FOR ASYMPTOTICALLY 
DE SITTER SPACETIMES 



MINGXING LUO, NAQING XIE, AND XIAO ZHANG 

Abstract. We use planar coordinates as well as hyperbolic coordinates 
to separate the de Sitter spacetime into two parts. These two ways of 
cutting the de Sitter give rise to two different spatial infinities. For 
spacetimes which are asymptotic to either half of the de Sitter space- 
time, we are able to provide definitions of the total energy, the total 
linear momentum, the total angular momentum, respectively. And we 
prove two positive mass theorems, corresponding to these two sorts of 
spatial infinities, for spacelike hypersurfaces whose mean curvatures are 
bounded by certain constant from above. 
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1. Introduction 

The positive mass theorem plays a fundamental role in general relativity. 
For asymptotically flat spacetimes, the positive mass theorem was firstly 
proved by Schoen and Yau [201 IHl US], and then by Witten [26] using a 
different method. Anti-de Sitter spacetimes are characterized by Killing 
spinors with imaginary Killing constants, which have certain nice proper- 
ties. Witten's method was extended successfully to asymptotically Anti- 
de Sitter spacetimes and the positive mass theorem was proved completely 
and rigorously in this case [25l [311 [T71 [28] . As recent cosmological ob- 
servations indicated that our universe possibly has a positive cosmological 
constant, the positive mass theorem for asymptotically de Sitter spacetimes 
gains much more importance. In spacetimes with a positive cosmological 
constant, a conserved quantity was defined in yj. Certain discussions on 
its positivity and relevant issues can be found in [H [TBI ISSl [Ml [31 El [T3] . 
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In particular, the conformal mass associated with the time-Uke conformal 
Kilhng vector of the de Sitter spacetime was defined in planar coordinates 
for asymptotically de Sitter spacetimes and its positivity was discussed in 

The de Sitter spacetime is a maximally symmetric space with positive con- 
stant curvature. It is covered by global coordinates where each time slice is 
a 3-sphere with constant curvature and has no spatial infinity. One does not 
know how to define the total energy-momentum on this slice. However, half 
of the de Sitter spacetime can be covered by planar coordinates and each 
time slice is a 3-Euclidean space up to a conformal factor, whose second 
fundamental form is proportional to the metric. Using singular coordinate 
transformations, this half de Sitter spacetime can be covered by static co- 
ordinates where cosmological horizon occurs and time/distance switch from 
one to another when crossing the horizon. 

It seems thus possible to build certain positive mass theorem for half of 
the de Sitter spacetime. However, as pointed out by Witten [27], there is 
no positive conserved energy in de Sitter spacetime, and the corresponding 
Killing vector fields to the Lorentzian generators are timelike in some region 
of de Sitter spacetime and spacelike in some other region (see also [Ij). This 
indicates that there should not be the positive mass theorem in the stan- 
dard sense without extra restriction. Mathematically, de Sitter spacetimes 
are characterized by Killing spinors with real Killing constants. When one 
tries to generalize Witten's argument to asymptotically de Sitter spacetimes, 
certain essential mathematical difficulties occur. To overcome these and to 
avoid using real Killing spinors, we need to reduce an initial data set in an 
asymptotically half de Sitter spacetime in planar coordinates to a standard 
asymptotically flat initial data set. The total energy, the total linear momen- 
tum and the total angular momentum can be defined via this asymptotically 
flat initial data and the positive mass theorem can be proved in this situ- 
ation. The same philosophy applies to hyperbolic coordinates which cover 
a different half of the de Sitter spacetime. By using the hyperbolic positive 
mass theorem proved in |31|, I28j. we can prove the positive mass theorem in 
this case. Thus we get two different half-cuts using planar coordinates and 
hyperbolic coordinates and obtain two positive mass theorems, correspond- 
ing to the asymptotically flat and asymptotically hyperbolic positive mass 
theorems respectively. We emphasize that two different half-cuts of the de 
Sitter spacetime give rise to two different spatial infinities, therefore, two 
different ways to measure the total energy-momentum. It will be interesting 
to see how they relate to each other. 

The definition of energy-momentum in planar coordinates in this paper is 
slightly different from the conformal mass defined by Kastor and Traschen 
[16] (see also [21] )• Let go and Kq be the metric and the second fundamental 
form of the time slice in half de Sitter spacetime in planar coordinates. For 
a P-asymptotically de Sitter initial data set (M, g, K), g — go on ends is used 

to define the total energy, the new tensor h = K — J ^g is used to define the 
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total linear momentum (as well as the total angular momentum) here. But 
g — go and K — Kq on ends are used to define the conformal mass in [16j. 
We emphasize the conformal factor V must be constant along spacelike hy- 
persurfaces in the definition of 'P-asymptotically de Sitter initial data sets. 
If the conformal factor V is constant along the spacelike hypersurface and 
mean curvature of the spacelike hypersurface is bounded from above by cer- 
tain constant, then the dominant energy condition for P-asymptotically de 
Sitter spacetimes implies that for associated asymptotically flat spacetimes. 
Thus we can transfer to the asymptotically flat case and get the positiv- 
ity by using the positive mass theorem for asymptotically flat spacetimes 
ED Ea EH ESj. In [IS], Witten's method was generalized directly to 
asymptotically de Sitter spacetimes in order to prove the positivity of the 
conformal mass under the assumption that the Dirac-Witten equation has 
solutions which are, at least through the first correction, eigenspinors of 7* 
(e.g., under (44), page 5911 [16]). In this case it does not need to use the 
positive mass theorem for asymptotically flat spacetimes. 

We remark that geometrical/physical properties of de Sitter spacetime are 
quite different in planar coordinates and in static coordinates. For example, 
de Sitter spacetime has an apparent horizon {r = A} in static coordinates. 
Inspired by certain physical properties in asymptotically de Sitter space- 
times in static coordinates, some conjectured that any such spacetime with 
mass greater than the mass of de Sitter has a cosmological singularity [4J. 
However, in planar coordinates, we can construct examples which contradict 
to this conjecture, at least in the "local" version. By a theorem of Corvino 

|12j . there exists an asymptotically flat, scalar flat metric gt in with pos- 

-— 4 

itive mass, which is identically Schwarzschild (l + 2r"^ ) 9 ("^ ^ ^) near 

inflnity. Now the initial data set (M.^ gt, X~^e^ gt) satisfles constraint 
equations and provides Cauchy data for vacuum Einstein fields equations 
with positive cosmological constant, which evolves into a nontrivial vacuum 
spacetime identical to Schwarzschild de Sitter in planar coordinates near 
spatial infinity. By the short time existence, this spacetime is smooth and 
free of singularity for short time and therefore provides a counterexample to 
the conjecture in this sense. 

The paper is organized as follows. In Section 2, we discuss various coor- 
dinate systems for de Sitter spacetimes. Most of them are well-known (cf. 
[T4J). In Section 3, we give definitions of "P-asymptotically de Sitter initial 
data sets and the total energy, the total linear momentum and the total 
angular momentum for these initial data sets. In Section 4, we prove the 
positive mass theorem for a P-asymptotically de Sitter initial data set when 
its mean curvature is bounded from above by certain constant. In Section 
5, we use hyperbolic coordinates to derive a positive mass theorem for an 
"H-asymptotically de Sitter initial data set. In Section 6, we discuss mean 
curvatures of time slices in certain asymptotically de Sitter spacetimes. In 
Section 7, we compute the total angular momentum for certain time slices 
in the Kerr-de Sitter spacetime. 
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2. DE Sitter spacetime 



The de Sitter spacetime with cosmological constant A > is a hypersur- 
face embedded into 5-dimensional Minkowski spacetime M^'^ 

- + {X^f + [X^f + [X^f + {X^f = I (2.1) 

with the induced metric (c.f. [14J). It is a maximahy symmetric space with 
constant curvature. There are several other coordinates widely used for de 
Sitter spacetime. In particular, one has the planar (inflationary) coordinates 
(i,x') and the static coordinates (i, f, ^, ■0). Denote 

A = ^, A>0. (2.2) 



The de Sitter spacetime (j2.ip can be covered by the following global coor- 
dinates: 
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(2.3) 



where — oo < t < oo, 0<r<7r, 0<^<7r and < ^ 27r. In global 
coordinates, the de Sitter metric is 

g^s = -dp + A^ cosh^ - [dr^ + sin^ f(d^ + sin^ M^)) (2.4) 

A 

And t-slices are 3-spheres, which do not have spatial infinity. 
The planar coordinates are defined as follows: 

xO = Asinhi + ^^(^fel, 

1=1 

X^=x'ei (i = 1,2,3), (2.5) 

X^ = -Acoshl + ^^(:^)^ei, 

where — oo < t < oo, — oo < Xj < oo. Since 

- = \e\ > 0, 
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()2.5p covers only the upper-half de Sitter spacetime. And the lower-half part 
is covered by 

xO = -Asinhl-^^(ffel, 

i=l 

X' = x'e^ (i = 1,2,3), (2.6) 

i=l 

When t goes from — oo to oo, — goes from to oo on the upper-half 
de Sitter spacetime while X^ — X^ goes from to — oo on the lower-half 
part. However, de Sitter spacetime can not be fully covered by two planar 
coordinates since the hypersurface 

- = 

is excluded. In planar coordinates, the de Sitter metric is 

gdS = -dt^ + {{dx^f + {dx^f + (dx^f). (2.7) 
The second fundamental form i^' of a t-slice is 

K = jg (2.8) 

with respect to the timelike unit normal dt- In Minkowski spacetime R^'^, 
dt is upward in the upper-half de Sitter spacetime and downward in the 
lower-half part. 

The static coordinates are defined as follows: 

X^ = \/A^ — f2 sinh — , 
A 

X^ = f sin 9 cos ip, 

X"^ = fsinesinip, (2.9) 
= fcos^, 

X^ = —\J}? — r^ cosh -- , 

A 

where — oo < t < oo, 0<f<A, O<0<7r and < ip < 2-it. Since 

X^-X^ = Va2 - f >0, 
X^ + X^ = -VA2-f2e-| < 0, 
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()2.9p covers only a quarter of the de Sitter spacetime. The static coordinates 
for f > A are defined as follows: 

XO = Vf2-A2 cosh^, 
A 

= f sin 6 cos 'ip, 
X'^ = rsmesin^p, (2.10) 
X^ = rcosO, 

X^ = — V^f^ — A^ sinh — . 

A 

Since 

X° - = Vr^ - A^e^ > 0, 

X^ + X^ = Vf2-A2e-^ >0, 

(j2.10p covers another quarter of the de Sitter spacetime. (12. 9p and (|2.10p 
cover the region which is covered by (j2.5p excluding 

+ = 

in planar coordinates. When t goes from -co to cxd, X^ — X^ goes from 
to oo on the upper-half de Sitter spacetime while X^ + goes from — oo 
to in region {f < A} and it goes from cxd to in region {f > A}. 

Static coordinates of the lower-half de Sitter X^ — X^ < can be defined 
in a similar way. These four static coordinates cover the de Sitter spacetime 
excluding 

x^tx^ = o 

which correspond to f = A (cosmological horizons) for fixed t. The de Sitter 
metric is 

T*^ ffv^ — — — 

9dS = -(1 - T2)dP + ^ + r\dP + sin^ Odi,^) (2.11) 

A 1-^ 

in the static coordinates. 

The hyperbolic coordinates (T, R,9,ip) are defined as follows: 
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A A 
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A A 
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where -oo < T < oo, < < oo, < 6' < vr and < < 27r. The 
hyperbolic coordinates cover half the de Sitter spacetime 

< -A. 

The de Sitter metric in the hyperbolic coordinates is 

g^s = -dT^ + sinh^ ^ {dR^ + sinh^ ^{dO^ + sin^ Od^j^)) . (2.13) 
A A 

The second fundamental form X of a T— slice 

K = ^coth^g. (2.14) 
A A 

Now we give the relation between planar coordinates and static coordi- 
nates. Let planar coordinates 

= r sin^cos "0, 
x"^ = r sin9 sinip, (2.15) 
x^ = rcos9. 

By equating (|2.5p to (j2.9p , and (|2.5p to (j2.10p , we obtain in the region f < A 
of the upper-half de Sitter spacetime, 

\ 2 — 

t = t In f 1 



2 ^ A2 " 
f = re^, (2.16) 
9 = 9, 
tp = tp. 

In the region f > A of the upper-half de Sitter spacetime, we have 

A, ,r^eA 

t_ 

r = re>^, (2.17) 
9 = 9, 
ip = ip. 

Thus, i-slices in planar coordinates are not i-slices in static coordinates and 
vice versa. 



3. Total energy-momenta 



It is not a general fact that the positive mass theorem holds true for space- 
times with positive cosmological constant. However, we find that, in certain 
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special case, the mass is indeed nonnegative. From discussions in the previ- 
ous section, we reahze that cosmological horizons occur if static coordinates 
are used to cover the de Sitter spacetime. Although the hypersurface 

XO - = 

is excluded, planar coordinates are interesting in physics. In its early stage, 
the universe is generally believed to be through a phase of inflation, which 
can be described by a de Sitter spacetime in planar coordinates. On the 
other hand, recent cosmological observations indicate that the expansion of 
the universe is accelerating, so the future of our universe may well be again 
described by a de Sitter spacetime in these coordinates. In this section, it 
will be used to study the positive mass theorem for P-asymptotically de 
Sitter spacetimes in a mathematically rigorous and complete way. 

Suppose (A^^''^,^) is a spacetime which satisfies the Einstein equations 
with a positive cosmological constant A 

R 

Rap — -^9al3 + ^9af^ = T^/B (3.1) 

where < a, /3 < 3. A^^'^ satisfies the dominant energy condition if, for any 
timelike vector W, 

(i) TuyWW'^ > 0; 

(ii) T^'"Wu is a non-spacelike vector. 

In a frame, we obtain 



^00 > ^TO^TO^ ^^^^^ 



Let {M, g, K) be a spacelike hypersurface with induced Riemannian met- 
ric Q and second fundamental form K . Choose a frame 6q in A^^'^ such that 
Co is normal to M and Cj is tangential to M. By the Gauss and Codazzi 
equations, 

Too = \{R+{tr,Kf-\K\l-2K), ^^^^^ 

Toi = V^{Kij - gijtrgK), 
where Vj is the covariant derivative and R is the scalar curvature of g. 
The tensor 



h = K - 




will be used to define the total momenta. 

Inspired by the metric and the second fundamental form (|2.7p . (j2.8p of 
a t-slice in de Sitter spacetime, we can define "P-asymptotically de Sitter 
initial data sets. 



POSITIVE MASS THEOREM 



9 



Definition 3.1. An initial data set {M,g,K) is V- asymptotically de Sitter 
of order t > ^ if there is a compact set Mc such that M — Mc is the disjoint 
union of a finite number of subsets Mi, ■ ■ ■ , - called the "ends" of M - 
each difjeomorphic to — Br where B,. is the closed ball of radius r with 
center at the coordinate origin. And g and h are of the forms 

9 = v^g, 

(3.5) 

h = Vh 

along M , where V is a certain spacetime function which is a positive constant 
along M and tensors g, h satisfy the following conditions 

-g-ge C'^^iM), h G C°v"„i(M), tr-gCh) G Civ"_i(M) (3.6) 



for certain r>^,0<a<l, where g is the standard metric o/M^, C 
weighted Holder spaces (c.f. 



IS 



Denote the metric gp = V^g. As {M,g,h) is asymptotically flat in the 
standard sense [6l [29] , the total energy, the total linear momentum and the 
total angular momentum can be defined in the standard way. Let {x*} be 
natural coordinates of M , gij = g(di, dj), hij = h{di, dj) and 

Mj = le, ™(V„p2)(/,„._^„.tr-(/i)) 

where z is a point in M and pz is the distance function beginning at z. The 
tensor hfj is trace-free and measures the rotation of the system with respect 
to z. It will be referred to as the local angular momentum density tensor at 
point z. We suppose that 

h^ G C°v"-i(M),e^^^Vfc(/if, - h^^,) G L2,_._2, V^(/if, - ^^.) e L,,^r-2 (3-7) 

for some q > 3, where Lp^-r is weighted Sobolev spaces (c.f. [6j). We further 
assume 

R G L\M), Toi G L\M), V% G L\M). (3.8) 

Under (j3.6p . (j3.7p and (j3.8p the total energy Ei, the total linear momentum 
Plk and the total angular momentum Jik{z) with respect to some point z of 
the end Mi are defined as follows [H HI [29] 

•S'r.i 

-P^fc = lim / {hki - gkitrgih)) * dx\ (3.9) 
Jik{z) = ^ lim / hli * dx\ 

Definitions of Ei, Pi^, Jik{z) are independent of the choice of local coordi- 
nates on ends [6l [Qj [2^1 [HP] . 
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Definition 3.2. The total energy Ei, the total linear momentum Pik and 
the total angular momentum Jik of the end Mi are defined as 

Ei = VEi, Pik=V''Pik, Jikiz) = VMikiz) (3.10) 

for a V- asymptotically de Sitter initial data set {M,g,K). 

Remark 3.1. Certain functional spaces are used in the definition of V- 
asymptotically de Sitter initial data sets so that the positivity follows from 
the positive mass theorem proved in [29] for asymptotically flat spacetimes. 

Remark 3.2. Denote {ci = V'^di} and = Vdx'}. It is easy to check 
that 

El = -^lirn^ / [ej{g{ei,ej)) - ei{g{ej,ej))]*-g^e\ 

-P«(efc) = lim / [h{ek,ei) - g{ek,ei)trg{h)]*^^e\ 

Definition 3.3. A future/past apparent horizon in a V -asymptotically de 
Sitter initial data set {M,g,K) is a 2-sphere S whose trace of the second 
fundamental form H-£ satisfies 

±H^= trg^{h\^) = trg^{K\^) - 2^. (3.11) 

Remark 3.3. Since it is spacelike, S admits two smooth nonvanishing out- 
ward pointing null normal vector fields V± with V+ future directed and 
past directed. Let S± be the smooth null hypersurfaces near S generated by 
the null geodesies with initial tangents V± . Then 

9± = divsV± = H^±trg{K\^) 

are the null expansion of S± respectively which measure the overall outward 
expansion of the future and past going light rays emanating from S. T, is 
a physical future/past apparent horizon if 0± = respectively. Thus the 
physical apparent horizon is not the apparent horizon defined by 13.11\) (or 
by 115. 6\) in Section 5). 



In planar coordinates, the Scliwarzschild-de Sitter metric can be written 
as (the McVittie form, cf. [16]) 



~9Sch = - . , '^'L dt' + A\1 + ^)%Mx^ 



where A{t) = e^. It is easy to check that, for a t-slice, 

E = m, Pk = 0, Jk{z)=0. 

Furthermore, if m > 0, {r = jj} is a minimal 2-sphere in a t-slice, therefore 
the trace of its second fundamental form satisfies (jS.lip and it is an apparent 
horizon. 
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4. Positive mass theorem 

Suppose (M, g, K) is a 7^-asymptotically de Sitter initial data set. Let 
{M,g,p) be a generalized asymptotically flat initial data set of order r, 
1 > r > ^, in the sense of [29], which means that p is an arbitrary and 
not necessarily symmetric 2-tensor. Suppose {M,g,p) satisfies the following 
conditions: there exists certain compact set Mc ^ such that the anti- 
symmetric part p", trg{p) are bounded on Mc- Furthermore, 

p e C°'^_i(M - M,), tr-g{p) e w]_j_i{M), {de, d*6} e L2,_,_2(M) 

where 6 is the associated 2- form of p"'. Suppose {M,g,p) has possibly a 
finite number of future/past apparent horizons Sj, each Sj is a 2-sphere 
whose trace of the second fundamental form satisfies 

±^E,=trg,^(Hs.)- (4-1) 
Proposition 4.1. Conditions i3.11\) and j[ j are equivalent for p = h. 

Proof: Note that g = V^g, h = Vh, and V is constant along M which 
also produces a rescalling with the same factor on S. The respective mean 
curvatures of S thus have the relation 

On the other hand, 

trg{h) = V-Hr-g{Vh) = V~hr-g{h). 
Therefore the proposition is proved. Q.E.D. 

For {M,g,p), the total energy is defined the same as Ei in ()3.9p . the total 
"linear" momentum is defined as 

Plk = lim / {pki - gkitrg{p)) * dx\ 

However, unlike the case of symmetric 2-tensor /i, the total "linear" momen- 
tum contains both translation and rotation. Denote 

1^=\{R+ {tr-g{p)f - \p\l), ujj = V'pji - Vjtr-g{p), Xj = 2V\pij -pji). 
{M,g,p) satisfies the generalized dominant energy condition if 

fi> max {\Lo\g,\LL! + x\g} ■ (4.2) 

We employ the following condition on the trace of the second fundamental 
form of M along M 

trg{K) < VSA. (4.3) 

Proposition 4.2. Under the assumption ( |^.3[ ), the first one of the dominant 
energy condition 113.^) implies ^.2^ for symmetric p = h. 
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Proof: Let {cj} be an orthonormal frame of g and set Kij = K(ei,ej). 
Thus {cj = T'~^ei} forms an orthonormal basis of g. Straightforward com- 
putation yields 



V Too + Y ' 



Under (jlS]) and ([32]), we have 



^ > P'. E(Ve,i^(e„e,) - Ve,i^(e„e,))2 



lY^{vfhi,-vfh,,y. 



Q.E.D. 



Note that 

9ij — ^iji 9Vij — 'P'^^ij- Recall the positive mass theorem 
proved in [29]. 

Theorem 4.1 (Zhang). Let (M,g,p) be a generalized asymptotically flat 
initial data set of order 1 > t > ^ which has possibly a finite number of 
apparent horizons. If the generalized dominant energy condition holds, 
then for each end Mi, 

El > \Pi\g. (4.4) 

If equality holds in ll[4-4\ ) for some end Mi^ , then M has only one end. Fur- 
thermore, if El^^ = and g is C'^ , p is C^, then the following equations hold 
on M 

Rijki + PikPji - PilPjk = 0, ViPjk - VjPik = 0, V'ipij - Pji) = 0. (4.5) 



By Theorem l4.lt or the original positive mass theorem [20 l [2T | [22 l [26 l [T8 | 
[29] , we obtain 

Theorem 4.2. Let (M, g, K) be a V- asymptotically de Sitter initial data set 
of order 1 > t > ^ which has possibly a finite number of apparent horizons 
in spacetime {N^'^,g) with positive cosmological constant A > 0. Suppose 
N^'^ satisfies the dominant energy condition \3.2() . If \4.3^ holds along M, 
then for each end Mi, 

Ei>\Pi\g^. (4.6) 
If El = for some end Mi^ , then 



{M,g,K)^{R^r'g,^r'g). 



(4.7) 
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Moreover, the mean curvature achieves the equality in ll[4-3\ ) and the space- 

time {N^'^,g) is de Sitter along M. In particular, {N^''^, g) is globally de 
Sitter in the planar coordinates if it is globally hyperbolic. 

Proof: Let {ej} be an orthonormal frame of g, then {cj = T'~^ei} forms 
an orthonormal basis of g. Since 



the positivity of mass (j4.6p is a straightforward consequence of Theorem 14.11 
When El = 0, the first equaUty in (j4.5p imphes that 

{R{ei,ej)ei,ek)g = -h{ei,ek)h{ej,ei) + h{ei,ei)h{ej,ek). 

By the Gauss equation of {M,g,K) in {N^'^,g), one has 

Rijki ={R{ei, ej)ei, ek)g + K{ei, ek)K{ej, ei) - K{ei, ei)K{ej,ek) 

=V'^{- h{ei,ek)h{ej,ei) + h{ei,ei)h{ej,ek)) 



along M. By the second equality in (j4.5p (i.e., Codazzi equations), we obtain 

Rojki = 0. 

Note that the first equality in (j4.5p also implies that /i = 0. From the 
computation in the proof of Proposition 14.21 we have 



+ K{ei, ek)K{ej,ei) - K{ei, ei)K{ej,ek) 

— hikhji + hiihjk + [hik + -^gik) [hji + -^dji) 

1 1 

- {hii + -gu) [hjk + -gjk) 




6 2 

Too + T2 - Ttrg{K) = 0. 



Thus the dominant energy conditions (|3.2p and (j4.3p imply 

Tal3 = 0, 

trg{K) = f . 



Therefore A^^'^ is vacuum and 



tr-gCh) = 0. 

The vanishing mass for {M,g,h) under (j4.8p implies that 

{M,g,h) ^ (M^g,0). 
Therefore (14. 7p holds and 

Rijkl = T2 {9ik9jl — 9il9jk) 



(4.8) 
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along M. Finally, we compute Rojoi- 

g Uojoi — - g Kijki + -^9ji 

= - -^(f^ [gikQjl - 9il9jk) + ^9jl 
=^~9jl 

along M. Thus {N^'^,g) is de Sitter along M. In particular, if it is globally 
hyperbolic, by the theorem of Christodoulou and Klainerman [S], we know 
that (M, g, h) develops the Minkowski spacetime M ' which implies that 
is de Sitter. Q.E.D. 

Remark 4.1. In general, the function V in an initial data set (M, g, K) is a 
nonconstant function. In this case, the positive mass theorem (e.g. Theorem 
does not hold true. 



We can also apply Theorem 14.11 to obtain certain positive mass theorem 
including the total angular momentum for asymptotically de Sitter space- 
times. 

Theorem 4.3. Let {M,g,K) be a V -asymptotically de Sitter initial data 
set of order 1 > r > ^ which has no apparent horizon in spacetime {N^'^,g) 
with positive cosmological constant A > 0. Suppose that there exists a point 
z £ M such that the local angular momentum tensor satisfies 7|j, 



// holds for p = Cih + 6*2/1^ where Ci and C2 are real constants, then 
for each end Mi, we have 

Ei>\CiPi + C2Ji{z)\^g^. (4.9) 

// equality holds in ^.9^ for some end Mi^^, then M has only one end. Fur- 
thermore, if Ei^ = and gij is C^, pij is C^, then j^.Jp holds for this p. 



5. Hyperbolic coordinates and Positive Mass Theorem 

In this section, we use hyperbolic coordinates and the positive mass the- 
orem for asymptotically hyperbolic manifolds proved in [31^ [28 ] to derive a 
positive mass theorem for asymptotically half de Sitter spacetime. Let 

5^ = dR^ + A2 sinh2 ^{de^ + sin2 9di;^). (5.1) 
A 

The frame of the metric is 

^■H ^ _d_ ^ 1 d ^ 1 d 

dR'^^ AsinhfS^'^^ Asinhf sin^SV' 

and the coframe is 

R R 
= dR, e^ = \ sinh --dO^ e^ = X sinh -- sin Odijj. 
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Denote the 4- vector -ny (z^ = 0, 1, 2, 3) 

n*^ = 1, = sin 6 cos ^Z", ri? = sin 6 sin i}), = cos 6. 

Definition 5.1. An initial data set {M,g,K) is Ti.- asymptotically de Sitter 
of order t > ^ if there is a compact set Mc such that M — Mc is the disjoint 
union of a finite number of subsets Mi, ■ ■ ■ , - called the "ends" of M - 
each diffeomorphic to — Br where Br is the closed ball of radius R with 
center at the coordinate origin. Suppose there exists a spacetime function T 
which is constant along M . Let 

coth ? 

h = K -^g. (5.2) 



And g and h are of the forms 



g = n^g, 



h = nh 

along M , where H = sinh and 

5(ef , eY) - g{^, ef) = , ef) = hj 

have the following asymptotic behavior on the end: 

Oi, = 0(e-i«), V^a,, = 0(e-x«), V/^V«a,, = O(e-i^), 
hj = 0(6-^"^), ^Thij = 0(e-^^), 



(5.3) 



(5.4) 



where is the Levi- Civita connection of the hyperbolic metric g-j-i . More- 
over, 

{R + ■^)eP^ e L\M), - V,tr-g{h))eP^ G L\M) (5.5) 

for some z £ M. Here R, V , pz are scalar curvature, Levi-Civita connection 
and distance function of g respectively. 

Definition 5.2. A future/past apparent horizon in an 7i- asymptotically de 
Sitter initial data set {M,g,K) is a 2-sphere S whose trace of the second 
fundamental form Hy, satisfies 

±Hy = trg^{K\^) - 2y|tanh ^. (5.6) 



Let 



h = h+^g. (5.7) 



The condition (|5.6|) implies that 



±Hy= tr-g^{h\^) + 2 = tr-g^ {h\^) (5.^ 
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which shows that T, is an apparent horizon of (M, g, h) [311 128j . Denote 

£l = V^'^5ij - ^Ytrgnig) + \{a22 + ass) + 2(/i22 + /^ss)- (5.9) 
The total energy-momentum of the end Mi are defined as 

EU = ^\irn [ £in-e^e\K ^^n (5-10) 

where < < 3, Sr^i is the coordinate sphere of radius R in the end Mi. 

Now we study the relation between the dominant energy condition of the 
'H-asymptotically de Sitter initial data set and its associated asymptotically 
hyperbolic initial data set. Suppose that (M, g, h) is an asymptotically hy- 
perbolic initial data set of order r > |. Denote 

fi = ^{R+{tr-gCh)f - \h\l), ujj = V%i - V,tr-g{h). 



Since 



tr-g{h) =tr-g{h) + - 



3 
A 

3 , T 3 
-- cosh T- + T 
A A A 

1 1 



--ntrgih) + - 



=mrg{K) - -;-cosh-;- 



ik -jl 



we obtain 



\h\g ={hij + jgij)ihki + jgki)g g- 
=n'\h\] + ^^trgih) + ^ 

=nmK\l - ^ coth ^trgiK) + 4 coth2 ^) 
A A A A 

+ —irg{K) - ^ cosh J + ^ 

='H^\K\l + I sinh ^(1 - cosh '^)trJK) 
^ A A A 

3 o T 6 T 3 

-I- --r cosh —r cosh T" + , 

A^ A A^ A A^ 



/i =n^Too + ^trg{K) sinh ^ (l - cosh ■ ^ 
A A A 

3 3 6 T 3 

-I- —7^ smh -r + T9 cosh -r - To cosh -r + -pr 
A^ A A^ A A^ A A^ 

2 T 3 T T 

=W^roo + - {trg{K) sinh ^ - ^ cosh — ) (l - cosh y) , 

ujj =H^Toi. 
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Therefore, if 

T T 
trg{K) sinh - < \/3Acosh -, (5.11) 
A A 



then the dominant energy condition (13. 2p imphes that 

^l>\0J\g. (5.12) 

Theorem 5.1. Let {M,g,K) be an Ti- asymptotically de Sitter initial data 
set of order t > | which has possibly a finite number of apparent horizons 
in spacetime {N^'^,g) with positive cosmological constant A > 0. Suppose 
N^'"^ satisfies the dominant energy condition \3.2^) . If \5.11\) holds along M, 
then for each end Mi, 



E]<>^{Ej<)^ + {Ej<y + {E]<y. (5.13) 
If EJq = for some end Mi^^ , then 

(M, g, K) = (e^, sinh2 ^gn, sinh j cosh ^gn) . (5.14) 

Moreover, the mean curvature achieves the equality in i5.11\) and the space- 
time {N^'^,g) is de Sitter along M. In particular, {N^'^,g) is globally de 
Sitter in the hyperbolic coordinates if it is globally hyperbolic. 

Proof: The first part of the theorem, i.e., inequahty (j5.13p . is straightfor- 
ward since the condition (j5.12p ensures the hyperbohc positive mass theorem 
proved in [311 [28]. U E]^ = for some end M/^, then = 0. This imphes 
that the mean curvature achieves the equahty in ()5.1ip . Thus, 



tr-g{h) 



3 

^A' 



Therefore 

R=-trg{hf + \h\l>-^. 
Under this condition, that EJ^ = gives that 

(M,5) ^ {M^gn). 



Thus 



We obtain 

h = 0, 
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By the Gauss equation, 

Rijki = Rijki + KikKji — KiiKjk 

1 . _ , N cosh^ X /- - ~ ~ \ 

— ~ x2 ■ 1,2 T \9ik9jl - 9il9jk) + ^ . 2 T \9ik9jl " 9il9jk) 

A siiiii A Sinn 

= {siikEljl - gil9jk) ■ 

By the Codazzi equations, 

Rojki = 0. 

The dominant energy condition and (|5.11|) also imply that 

Taf3 = 0. 

So 

9 -n-ojO/ — — 5 -Kijfci + 'J23jl 

= - ^9'''{gikgji - gugjk) + 

along M. Thus (A^"'^''^,^) is de Sitter along M and we prove the second part 
of the theorem. Q.E.D. 

Remark 5.1. In general, the function 7i in an initial data set (M, g, K) is a 
nonconstant function. In this case, the positive mass theorem (e.g. Theorem 
\5.1\) does not hold true. 



Remark 5.2. We can also discuss the total angular momentum along the 
line of [31j in this case. 



6. Mean curvatures of hypersurfaces 



In this section, we discuss mean curvatures of P-asymptotically de Sit- 
ter spacelike hypersurfaces. In particular, we discuss the existence of con- 
stant mean curvature spacelike hypersurfaces. This is analogous to the exis- 
tence of maximal spacelike hypersurfaces in asymptotically flat spacetimes, 
which was studied extensively by Bartnik, etc (c.f. [5l [7] and references 
therein). For consideration of length of the paper, we study only the simple 
case that the spacetime is globally hyperbolic whose existence is implied by 
Christodoulou and Klainerman's theorem [8j. We will address elsewhere by 
generalizing the methods in [SJ [7] to study the existences of constant mean 
curvature in general spacetimes. 

Let g be the metric of an asymptotically flat spacetime defined on M x 



g = —a^{t,x)dt^ + gij{t, x)dx^dx-' 



(6.1) 
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with a > 0. The t-shce has the metric q and the second fundamental form 

Suppose F{t,x) is a smooth function on M x M^. Consider a new metric 

gx = -a^{t,x)dt^ + e^^ gij{t,x)dxUx^ (6.2) 
The t-shce has the metric g\ = e^^g and the second fundamental form 



If we take 



F{t, x) = ^ / (e - trg{k))a{s, x)ds 





with certain prescribed function x), then the mean curvature of the 
t-shce in (]6.2p is 

trg^{K) = Q{t,x). (6.3) 

In their celebrated work [8j, Christodoulou and Klainerman proved the 
global existence of an asymptotically flat metric for ()6.ip . which is vacuum 
and foliated by maximal spacelike hyper surf aces, i.e., trg{k) = 0. Taking 

e = VSA 

in (|6.3p . we obtain an existence of constant mean curvature spacelike hy- 
persurfaces. Using estimates on the lapse function f8|, we can re- write the 
metric (16.21) as follows 



gx = -a^{t,x)dt'^ + e ^ gij{t,x)dx^dx^ . (6.4) 

Therefore, the metric gx is asymptotically de Sitter. However, gx does not 
satisfy the vacuum Einstein fields equations with positive cosmological con- 
stant in general. It will be interesting to extend Christodoulou and Klain- 
erman's work to the current case. 

Finally, we note that suitable choices of Q will give rise to spacelike hy- 
persurfaces with mean curvature violating condition (j4.3p . 

7. Kerr-de Sitter 

In this section, we compute the total angular momentum for suitable time 
slices in the Kerr-de Sitter spacetime. In the Boyer-Lindquist coordinates 
{i, f, 6, the Kerr-de Sitter metric is 

gxds = - ^{dt -^sin^mf + ^df^ + 



Af 

H 


{dt - 


a . . 
— sur 




sin^ 6 


■ [adi - 




U 



+ ^77 {adt - ^ ^ U ^) , 
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where 

A^= = (f2 + a2)(l-^)-2mf, 

c? cos^ Q 
^^- = 1 + ^^' 

[/ = f2 + cos^ 

In Boyer-Lindquist coordinates, m = does not imply directly that the 
metric is de Sitter. Thus, inspired by we employ the following coordi- 
nate transformation 

t = t, 
f cos Q = f cos ^, 

c? _ - 

(1 + -tAt^ = f'^ + a'^ sin^ 6* + — rf^ cos^ 6*, 



, - a 



= (1 + - ^t. 

In coordinates {t,f,9,ip), the Kerr-de Sitter metric can be written as 
where the nonzero a^p are 



as 



^ttp 



2mr 

IT' 

2maf sin^ 9 

U ' 
2mfU 

(Af + 2mr)Af' 
2ma^f sin^ ^ 

u ■ 



The new coordinates [t^f^O^ilj) is indeed the static coordinates for the Kerr- 
de Sitter metric. Now we transfer it into the planar coordinates. Let 
{t, r, 9, ip) be polar coordinates corresponding to the planar coordinates. The 
transformations are given as follows: 

t = t--ln|l-^|, 
f = Ar, 



POSITIVE MASS THEOREM 21 

where A = . In polar coordinates, the Kerr-de Sitter is 

9KdS = -dt^ + (dr^ + r^{de^ + sin^ Od^'^)) + a^^dx^'dx" 
and the nonzero components of a/^i^ have the following asymptotic behaviors 

2mA^ „ 3 ^,4. 
<^tt = :^B-^+0{r-'), 

2ma^A . ^ ^/ -an 

atg = ^3^^ B 2 smt* cost' + C)(r ), 

2mA2 5 _4 
0^61 = — . „ sm g cos 6B 2 + 0(r 



rM3 
2m\a s\v? 9 



2ma^sin^^cos^^ „_5 

"^^ = ^3]43 ^ )' 

2ma^sin^0„ 5 
av,V' = ^74 S-2+0(r-2) 

where 5 = 1 + ^ sin^ 9. The second fundamental form of the t-slice can be 
computed in terms of the formula 

K^j = ^(ViiV,- + V,iV, - ^t9^j) 

and the tensor h has the following asymptotic behaviors 

2mA^ — ma^ sin^ 9 

A^Bhr^ 
Ke = 0(r-^), 

J 2masvc? 9 _4, 
^^V- = — — + C(r ), 
A^B^r^ 

he6 = —^0{r 3), 

A^B'ir 

he^ = 0(r-6), 

- (— mA^ + 2ma^ sin^ 0) sin^ 6* 
A^B^Xr 

Denote the frame ei = dr, 62 = 63 = ^.^^g and {e*} the coframe. Using 
the asymptotic expansion = r'^ + 0{r), we find the components of the 



J- ^//(./x — iiou, 0111 1/ , _4, 
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local angular momentum density 

h'{e2,es) = — T— + 0(r % 

A^B^r^ 

Thus, in natural coordinates, 

Mr — (^1 ^ cos i/j + (32 cos 9 COS — 63 sin "0, ei ) 
3ma sin 9 cos ^ cos ■)/' „ , 

= ^ + ), 

^2r — h^i^i sill ^ sin + (=2 cos sin-;/; + 63 sin')/;, ei) 
3ma sin 9 cos sin ih ^ , q, 

= — ^ + 

= ^^(^1 cos 6' - 62 sin 6*, ei) + 0{r-^) 
Smasin^^ ^, q. 

Note that the range of ^ from to 2it gives that 

-^i<^<2(l + ^)7r-^t, 

we obtain, 

Ji{z) = — lim / * dr 



Sma M^+l^)'^-!^^ r sm^9cos9cosip , , 

-— / / U9di; = 0, 

»7r J-^t Jo B2 



'3? 

A^ 



A^ f ~ 

J2{z) = — hm / /i| * dr 

3ma /-^ sin^6>cos6'sinV' 

Stt 7- Of io si 

12 



d6idV' = 0, 



Sma /•K^+f^)'^-]^* Tsin^^ _ ma 
'S^J-^t Jo "bT 1 + 
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Remark 7.1. // we choose the range of ip from to 2it, we obtain 



It is interesting that J^{z) conjugates to J23 of [15\ by replacing A to \/—lX, 

i.e., the positive cosmological constant to the negative cosmological constant. 

Remark 7.2. Note that the total energy and the total linear momentum 
vanish for this t-slice. However, it does not contradict to the positive mass 
theorem as it does not hold on the t-slice due to the singularity. The sit- 
uation is similar to the Schwarzschild spacetime with negative mass. The 
positive mass theorem for black holes can not apply to this spacetime as 
naked singularity occurs. 
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